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Double Dielectric-Slab-Filled Waveguide
Phase Shifter

FRITZ ARNDT, SENIOR MEMBER, IEEE, ANDREAS FRYE, MANFRED WELLNITZ,
AND RAINER WIRSING

Abstract —A field theory method based on the orthogonal expansion
into eigenmodes is presented for the design of double dielectric-slab-filled
waveguide phase shifters with linearly tapered sections. Prototypes of 90°
differential phase shift with reference to a corresponding empty wavegunide
of the same length achieved typically about +4° phase error and less than
—30-dB input reflection within + 5-percent bandwidth, for WR 102-band
(7-11 GHz) through WR 28-band (26.5-40 GHz) waveguides. Design
curves for differential phase shifts of 12.25°, 22.5°, 45°, 90°, 180°, and
270° are given. Utilizing the differential phase compensation effect of the
dispersive behavior of the dielectric-filled and empty reference waveguides,
the phase error is only +1° within +8.5-percent bandwidth. Further
investigations include composite phase shifters, mechanical lateral displace-
ment, and tolerance influences. An experimental 90° phase shifter for
14-GHz midband frequency shows good agreement between theory and
measurements.

I. INTRODUCTION

IELECTRIC-SLAB loading of rectangular waveguides

[1]-[7] is a well-known technique to build simple but
effective differential phase shifters. In a previous paper [8],
an exact field theory design has been introduced for multi-
section impedance-matched single-slab structures. This type
may be applied especially for a mechanically adjustable
phase shift where, besides appropriate impedance match-
ing, a sufficient differential phase shift range (e.g., 0°-360°)
as a function of mechanical displacement is required.

In this paper, a double dielectric-slab-filled waveguide
(Fig. 1) is investigated with a preferably fixed dielectric. A
nearly constant differential phase shift (e.g., 90° £4°) in
relation to an empty reference waveguide is required within
a certain frequency range (e.g., 10-percent bandwidth).
Possible applications exist in the field of antenna beam-
forming networks where often a combination of hybrids
and fixed phase shifters is used. Since, as for all antenna
applications, low input VSWR is required, the dielectric
slabs are positioned in regions of low TE, , wave electric-
field intensity, at the sidewalls of the waveguide (Fig. 1).
This may also help to meet associated power specifications.
Tapered matching sections are provided, which are taken
to be linear for ease of fabrication. Because the dielectric
can be fastened to the waveguide sidewalls by special
adhesives (for instance, with a styrol polymerisate com-
pound base (e, = 2.54)), this type of phase shifter also has
good mechanical stability.
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A field theory method using the orthogonal expansion
[8] in suitable eigenmodes is presented for the design of
such phase shifters. This allows direct calculation of the
scattering matrix and the immediate inclusion of higher
order mode coupling along the three-dimensional structure.
Prototypes for some often used frequency bands, for rect-
angular and square waveguide sidewalls, are calculated.
Phase shifter designs for waveguide dimensions and fre-
quencies other than the prototype values considered can be
obtained using the simple scaling relations given. The
deviations from the exact design may be tolerable for many
practical applications.

Extreme broad-band behavior of the differential phase
shift is possible by utilizing the differential phase com-
pensation effect resulting from the different dispersion
characteristics of the waveguide with and without the di-
electric in the vicinity of the empty guide TE,; cutoff
frequency. Compared with the well-known periodic loading
principle which is used for square waveguide circular
polarizers [9], the continuously loaded structure of Fig. 1
has the advantage of yielding low input VSWR without
ripples as a function of frequency.

II. THEORY

The linearly tapered structure (Fig. 1) is approximated
by a stepped transition (cf. Fig. 2(a)) with a hundred steps
at each side. The basic configuration for the field theory
treatment, the five-layer section of finite length (Fig. 2(b)),
includes the general case of asymmetrical displacement of
the dielectric slabs which may be taken into account for
mechanically adjustable phase shifters or for test calcula-
tions. ’

As in {8}, for each subregion, » =1 to VI (Fig. 2(b)), the
fields [2] of the resulting TE,, wave (if a TE,, wave is
incident)

EM=— jopv XTI H=vxvxI{ (1)
are derived from the x-component of the magnetic Hertzian
vector potential If,, which may be approximately ex-
pressed as the sum of N eigenmodes satisfying the vector
Helmboltz equation and the boundary condition E, =0 at
x = 0. The accuracy of the approximation improves as N
increases.

For the calculation of the mutual relations of the field
amplitude coefficients along the five-layer section, and to
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Fig. 1. Double dielectric-slab-filled waveguide phase shifter tapered for
the entire length.
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Fig. 2. Configuration for the field theory treatment. (a) Multisection

step discontinuity. (b) Wave amplitude vectors of one five-layer section
of finite length. (c) Five-layer cross section. (d) Three-layer cross
section [8] compared with (c) for test purposes (waveguide housing
dimensions ¢ =15.799 mm, b= 7.899 mm).

determine the common propagation constant k,, the
Hertzian vector potentials in the subregions v =1II,---,VI
are assumed to be
N
= Y psin(kWx)e ke 2
n=1
N
=Y [V sin(kSx)+ W, cos (k&x)]e ke
n=1
(3)
with s =IIL- - -, VL.

The propagation constants for the eigenmodes in the
empty guide (v=1), k{0, and the dielectric-filled guide

zn
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(v=1IL---,VI), k,,,, ar

2
n2 _,.2 naw 2 __ .2 2
kin) =w .“-050_( a ) k;,=w ﬂo‘o‘ﬁ”)—k&) (4)

for v=1I,---,VL

k,, is determined via field matching [2] of the transver-
sal field components H, and E, along the boundaries at
x =c,d,e, f. The requirements of the system determinant
of the related matrix equation (cf. Appendix) to be zero
results in a transcendental equation for k ,,, which is solved
numerically. The boundary condition £, =0 at x=a is
satisfied by the condition W0 = — VD tan (kVDa).

For calculation of the scattering matrix at the step
discontinuity at z = 0 (Fig. 2(b)) in (2) and (3), the expres-
sion exp(— jk,,z) has to be replaced by the expressions of
the forward (+) and backward (—) eigenwaves: [B'-
exp (— jk,,z)+ B, -exp (jk,,z)]. The Hertzian vector
potential in the empty subregion I is assumed to be

I = Z |48 sm(—x)

()

By matching the transversal field components E, and H,
at the corresponding interfaces of the adjacent subregions
(Fig. 2(b)) at z =0 and using the orthogonal property of
the modes [2], the coefficients 4,7, 4", B,f, and B, can
be related to each other with the equation

%-V,,<I>~k§£,>-(A: - 4,)

Jaf-exp(— jkDz)+ 4, -exp(+ jkPz)].

- Z { (II)I(II)+V(III)I(III)+W(III)I(III)

+ V,;IVU;;)Q + W) Ly (D)
+ WD + V(I - 1D ke,
(By —B,)

(6)

or abbreviated
(Ne)w(Af = 4)= £ ((My),)(B; ~ B,)
(6a)

and with
3 VD k(4] +4,)
N
= Y {(Mg),,. k..}(B}+B,)
m=1
(7)
or abbreviated
N
(NH)nn(A: +A;)= Z {(MH)nm}(Br: +Br;)

(7a)

where the 1) and I{?), are the coupling integrals given in
the Appendlx.
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Equations (6a) and (7a), written as matrix equations,
lead directly to the scattering matrix at z =0

(4)° =((su>' (su>) @)
(B)Jr (Sn)  (Sy) (B)”

where (S,;), (S12), (S51), and (S,,) are also given in the
Appendix.’

At the step discontinuity at z = [ (Fig. 2(b)), the scatter-
ing matrix () of (9) still holds for inverted wave-ampli-
tude vectors

() ()"
For the calculation of the scattering matrix (S), of the

total double dielectric-slab-filled structure (Fig. 2(b)) of
length /

: ©)

(4)”
(D)

(S12),
(S»),

(4)
(D)"

(10)

- ((Sll)l
(821,

the relations between the wave-amplitudes along the corre- .

sponding intermediate waveguide section have to be taken
into account

(B) =(R)(C)" (O)"=(R)(B)"

 where R, =e /kn! (diagonal matrix of the waveguide
section between the two discontinuities). The scattering
coefficients of (10) are then obtained analogously to {8, eq.
)]

The series connection of two structures with the scatter-
ing matrices (S)® and (S)@ is calculated by direct combi-
nation [11] of the scattering elements. Opposite to the
common treatment with transmission matrices, this proce-
dure preserves numerical accuracy and avoids the hitherto
known numerical instabilities due to resonance and inter-
ference effects of higher order modes, since the expressions
contain exponential functions with only negative argu-
ments. The scattering coefficients for two series-connected
structures are given in the Appendix. The scattering matrix
for more structures is found analogously using (A5) itera-
tively. .

For the computer analysis, the inclusion of only five
eigenmodes (N = 5 in (2)—(7), and of only three modes for
the symmetrical cases, since the n-even modes do not
enter) has turned out to yield sufficient asymptotic behav-
ior (within drawing accuracy) of the calculated results, as
has been ascertained by considering up to twenty eigen-
modes. Further, tests were performed by comparing propa-
gation constants for various modes at various frequencies
calculated for the same cross-section structure by means of
different versions of realization. As a typical example, the
normalized propagation constants &, /k, (k= free-space
wavenumber) of the TE,;, mode at 15 GHz are: &, /k,=
— j6.204328 for ¢=15.3995 mm, d = 6.000 mm, e =9.000
mm, f=10.399 mm, €0 =™ = ¢ = 2.54 (cf. Fig. 2(c)),
and k,/k,= — j6.204329 for the analogous one-slab
structure (cf. Fig. 2(d)) calculated by the computer pro-
gram of [8] (a =15.799 mm, b = 7.899 mm).
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i TABLE I
MaxiMuM DIELECTRIC-SLAB WIDTH D IN MILLIMETERS FOR WR
90 AND WR 62 ( X- AND Ku-BAND) PHASE SHIFTERS FOR 45°, 90°,
180°, 270° MIDBAND DIFFERENTIAL PHASE SHIFT
+ e T s
cr = 2.54
Frequency Midband Nidband Width of Maximummm | Maxisum
band frequency (differential| dielectric phase input
waveguide phase slab error’ reflection
dimensions | ¢ shift * D vithin * 5 % bandwidth
( GHz ) (%) () (% (d8)
WR 90 45 5.00 -0.6, +1.1 - 28.4
{ X-band ) 9 %0 6.46 -1.8, 2.7 - 2.7
a=20.86 mn 180 8.75 | 5.5, -3
b= 10.16 mn 27 10.858 | -7.7, 45,9 -28.8
45 4.89 1.6, +2 - 316
10 ] 6.282 | -3.6, 4.3 -30.7
180 . 8.4 -1.1, 8.2 -32.8
270 10.445 -1, 4.7 -30.2
WR 62 45 3.05  {-0.08, +1 -3
( Ku-band ) 12 90. 3.91 -1.1, 40.8 - 28.8
) 180 5.18 -0.5, +2.3 -3
a = 15.7%9m 210 5.4 | 03,439 -2
b = 7.899mm .
45 3.01 -1.2, 41,6 | -35.5
1 90 3.82 -2.9, +3.7 -3
160 5.00 | 6.3, +.7 ] -33.7
210 6.01 -8.2, +11 » -31.2
45 2.97 -1.7, 2 -37.3
15 90. 374 -4, 446 - 347
180 4.86 -8.2, 49,5 - 34.8
270 5.83 -11.8, +13.4] -36.2
45 2.91 2.1, 42.5 | - 38.8
" % 3.65 | 48,455 | - 3.1
180 4.73 -9.9, +11 - 36.3
' 2707 5.655 -14, #15.6f  -37.4
45 2.78 -2.7, +3.1 - 41,2
" % 347 | 6.2, 4 -383
180 4.4 -12.6, +14 - 38,1
270 5.2715 |-17.8, +19.3] -39.4

*with reference to a corresponding empty waveguide of same length,

Dielectric material: Rexolite (styrol polymerisate compound) ¢, = 2.54,
tand = 6.6-10~* (25°C, 10 GHz).

Since the coupling integrals (see Appendix) may be
solved by direct integration, and symmetry conditions (Fig.
2(a)) may be included, the computing time is only about 6
min for a total set of scattering parameters as a function of
frequency for one design example (Siemens 7880 computer
of the University of Bremen).

IIL

In Table I, the maximum dielectric slab width D is given
for phase shifters in WR 90 (X- ), and WR 62 (Ku-band)
waveguides, with 45°, 90°, 180°, and 270° midband dif-
ferential phase shift, respectively, referred to a correspond-
ing empty waveguide. The length of the dielectric slab
section in these examples is chosen to be L =100 mm as a .
compromise between size and length requirements for a

RESULTS
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TABLE II
MAXIMUM DIELECTRIC SLAB WIDTH D IN MILLIMETERS FOR 90°
WR 62-, WR 42-, AND WR 28-( Ku-, K-, AND Ka-BAND) PHASE
SHIFTERS WITH DIFFERENT DIELECTRIC SLAB LENGTH L (ABOUT
2.5 X4, 5 Ag, 7.5 Ag, Ay = FREE-SPACE MIDBAND WAVELENGTH)

—L—
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Fig. 3. 90°-WR 62 (Ku)-band phase shifter (f, =15 GHz) with dielec-

tric length L as a parameter (dimensions cf. Table I). (a) Differential
phase shift Ag as a function of frequency. (b) Input reflection coeffi-
cients |S};| in decibels.

given maximum input reflection value (about —30 dB).
Rexolite (Styrol Polymerisate Compound, ¢, = 2.54, tan$
=6.6-10"* (25°C, 10 GHz)) has been selected for the
dielectric material because it is relatively easy to handle
mechanically.

To demonstrate the influence of the dielectric slab length
L, Fig. 3(b) shows the input reflection coefficients |S,,| in
decibels as a function of frequency for three lengths L = 50
mm, L =100 mm, and L =150 mm as the parameters. As
expected, the best input reflection behavior is provided by
L =150 mm (curve 1). The differential phase shift (Fig.
3(a)) is less influenced by length variation.

In Table II, the maximum dielectric slab width D is
calculated for WR 62, WR 42, and WR 28 (Ku-, K-, and
Ka-band) phase shifters with 90° midband differential
phase shift and for different lengths L of the dielectric slab
section (L is about 2.5 X, 5 A, and 7.5 A . A, = free-space
wavelength at midband frequency). For L about 7.5 Ags
the phase errors are less than +4° and the maximum input
reflection is less than —38 dB for a + 5-percent frequency
variation around the midband frequency. Included also is a
90° phase shifter for a square Ku-band waveguide showing
exactly the same behavior (for the TE,, incident wave) as
its rectangular counterpart.

For the practical design of phase shifters with a desired
- differential phase shift Ag for a desired midband frequency,
Jo/ Feutott empry (nOrmalized to the TE,, cutoff frequency of
the empty waveguide), Fig. 4 shows the normalized maxi-
mum width D/a of the linearly tapered double dielectric

: ] Ap =90°
P > . , .
a ! ‘ p Midband differential
i — phase shift *
V \‘ 1 ‘
£ r= 2.54
Frequency Midband Length of Width of Maxisum Maximum
band frequency | dielectric | dielectric phase input
waveguide slab error reflection
dimensions | ¢ L D within £ 5 % bandwidth
( GHz ) (mm) 4 (mm) (°) (dB)
WR 62 50 5.00 -3.5, 4 -2
i 100 182 |-29,4.7 | -1
2 = 15.79%mm
b = 15.799mm 150 3.3 -2, +4 - 38
WR 62 :
( Ku-band ) “ 50 5.00 -3.5, +4 -28
a = 15. 73%mn 150 3.32 2, +4 -3
b = 7.8%mm »
WR 42 32 3.3 -5, +4 -2
(K-band ) 2 64 2.58 -4, 44 - 34
a = 10.67 mm
b= 5.335m 9% 2.24 -4, +4 ~ 38
WR 28 21 2.25 -6, +3 -9
Chatand )| 2 2 | 58 -3
a=7.11"mm
b =3.55 mm 63 1.48 -2.5, +1.5 -38

*with reference to a corresponding empty waveguide of same length.

Dielectric material: Rexolite (cf. Table I).

slab (a = waveguide width) for two values of normalized
length L/a. The longer version (g =100) yields an input
reflection coefficient of about —30 dB for about 10-per-
cent bandwidth, the shorter one of about —27 dB. The
curves are the condensed result of a large number of design
data and have been checked from the WR 90 ( X-band) to
the WR 28 (Ka-band) frequency range (8.2 to 40 GHz).
The maximum deviations of the phase shift of phase shifters
designed with Fig. 4 against the directly designed proto-
types are about +0.5 percent. The error in the input
reflection coefficient is negligible. ‘ i

By utilizing the differential phase compensation effect of
the dispersive behaviors of the dielectric-filled and empty
reference waveguide, extreme broad-band behavior of the
differential phase shift is possible. Fig. 5 (solid lines)
presents the resulting differential phase shift and input
reflection curves of a 90° phase shifter within a WR 102
waveguide housing (a = 25.908 mm, » =12.954 mm). The
phase error is only +1° between 6.9 and 8.2 GHz. For
comparison, a periodic five-iris-loaded square waveguide
polarizer [9] has been calculated with the orthogonal ex-
pansion method for corrugated structures [12]. The results
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Fig. 4. Curves for the practical design of double dielectric-slab-filled
phase shifters. Maximum width D normalized to the width @ of the
waveguide as a function of the desired midband frequency f, normal-
ized to the empty waveguide TE,, cutoff frequency. Parameter is the
desired differential phase shift Ap for two values of normalized lengths
L/a (eg., for the Ku-band waveguide with a =15.799 mm: L =100
mm and 50 mm) The dielectric material is Rexolite (¢, = 2.54), cf.
Table I
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Fig. 5. 90° double dielectric-slab-filled phase shifter with broad-band
differential phase shift (solid line) (waveguide dimensions a = 25.908
mm, b=12.954 mm (WR 102), D =5.643 mm, L =229.6 mm) com-
pared with a periodic iris-loaded square waveguide phase shifter 9]
(dashed line, dashed—dotted line) calculated with the method in [12]. (a)
Differential phase shift Ag. (b} Input.reflection coefficient 1S in
decibels (for the periodic loaded phase shifter: TEO1 wave, or TEm wave
incident, respectively).

are presented also in Fig. 5 (dashed, and dashed-dotted
lines). The continuously dielectric-loaded structure de-
signed has the advantage of y1eldmg low input reflection
without ripples as a function of frequency. It should be
pointed out that the iris-loaded polarizer in [9] utilizes the
differential phase shift of orthogonal TE,, and TEy; modes
within the same square wavegu1de whereas the TE,, mode
differential phase shift of the dielectric-slab-filled rectangu-
lar waveguide phase shifter investigated in this paper is
related to an empty rectangular reference waveguide of the
same length and dimensions. Such relative phase shift
requirements are usually needed for antenna beam forming
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Fig. 6. WR 28 ( Ka)-band 90° phase shifter with broad-band differential
phase shift (waveguide dimensions ¢ = 7.112 mm, b =3.556 mm, D =
1.549 mm, L =63 mm). (@) Differential phase shift Ag. (b) Input
reflection coefficeint |S;, | in decibels.

networks (cf., e.g., [13]). Moreover, periodic loading, which
[9] employs, may not be considered as an approximation to
the continuous loading since the discrete susceptances as-
sumed there become invalid because of the mutual interac-
tion of the evanescent rnodes'excited at the discontinuities
when they are placed close together.

F1g 6 shows the differential phase shift and the input
reflection coefficient of ‘a second design example, for a WR
28 (Ka-band, 26.5-40 GHz) wavéguide (a— 7.112 mm,
b =3.556 mm). Further design data are given in Table 1.
For the practical design of 90°+ 1° differential phase
compensated phase shifters with desired midband frequen-
cies other than given in Table III, the approximate rela-
tions for the normalized maximum width D/a = 0.218 and"
normalized length L/a =~ 0.886 may be applied where the
width a of the waveguide housing is given by a /A, = 0. 64
(A, is the free-space wavelength at the desired mldband
frequency f,).

The calculated phase shifters can be cascaded to con-
struct phase shifters with increased overall differential phase
shift. This is illustrated in Fig. 7 where a 90° phase shifter
(2) is composed of three 30° phase shifters (1). The com-
parison with the direct 90° phase—shifter-type (3) indicates
that the differential phase behavior is nearly the same,
while the input reflection coefficient is higher because of
the greater number of discontinuities.

‘Further, the input reflection . coeff1c1ent and the phase
shift were calculated as a functlon of the lateral d1sp1ace-



378
TABLE II1
DESIGN DATA FOR 90° PHASE SHIFTERS WITH BROAD-BAND
DIFFERENTIAL PHASE SHIFT
[S— "
|1 Ay =90°
) . ) .
. ! o~ D Midband differential
a . , . *
: = phase shift
. +
€|- = 2.54
Frequency Midband Length of Width of Maximum Maximum
band frequency | dielectric | dielectric phase inpqt
waveguide slab error reflection
dinensions | ¢ L D within #8.5 £ bandwidth
( GHz ) (mm) (mm) (9) (dB)
WR 102
7.55 229.6 5.643 11 -3
a = 25.908nm
b = 12.954mm
WR 62
(Kuband )}, 19.95 | 3.441 +1 -2
a = 15.79%mm
b = 7.8%9mm
WR 51
14,85 114.78 2.821 *1 -3
a = 12.954mm
b= 6.477nm
WR 34
2.3 76.8 1.881 1 -3
a=28.636 mm
b =4.318m
WR 28
(Kaband )| 63.0 1.549 +1 )
a=7.112mm
b = 3.556 mm

*with reference to a corresponding empty waveguide of same length,

ment A of the dielectric slabs for possible applications as a
mechanically variable phase shifter, and for the investiga-
tion of the tolerance influence of that parameter. The
results are shown in Fig. 8 for an example with 14-GHz
midband frequency. Up to 530°, differential phase shift is
achieved for maximum displacement # = 3.8995 mm within
the WR 62 (Ku-band) waveguide housing, while the input
reflection is less than —30 dB. A change of the displace-
ment of about 0.1 mm leads to a differential phase error up
to about 7°. This verifies the result of calculations of the
influence of geometrical tolerances on the differential
phase: the most critical parameter is the maximum width
D. A change of this parameter within + 3 percent leads to
a phase error of about triple that value. This fact has to be
taken into account if the dielectric is fastened to the
waveguide sidewalls by adhesives. The influence on the
. input reflection coefficient, however, is negligible.

The photograph of a 90° phase-shifter prototype for a
14-GHz midband frequency and with L =100 mm is pre-
sented in Fig. 9(a). The maximum width D of the dielectric
(¢, =2.54, Rexolite) is D =372 mm (cf. Table I, where
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same overall length. (a) Input reflection coefficients |S;,| in decibels.
(b) Differential phase shift Ap as a function of frequency.
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Fig. 9. Realized 90°-WR 62 (Ku)-band phase shifter (f, =14 GHz) (dimensions cf. Table I). (a) Photograph. (b) Differential
phase shift Ap as a function of frequency (— theory, + measurements). (¢) Input reflection coefficient.

D = 3.82 mm). This is to compensate for the thickness of
the adhesive of about 0.1 mm by which the dielectric was
fastened to the waveguide sidewalls. The measured results
(Fig. 9(b) and (c)) show good agreement with the theory.
The slightly poorer input reflection coefficient measured
results from a little gap at the end of the dielectric.

IV. CONCLUSION

Double dielectric-slab-filled waveguide phase shifters
achieve low input reflection behavior (typically less than
—30 dB) if the dielectrics are positioned at the sidewalls of
the waveguide where the TE ,, wave electrical field inten-
sity is low, and linearly tapered matching sections are
provided over the entire length. This is demonstrated by

exact field theory designs of phase shifters with a 90°

differential phase shift at midband from WR 90- through
WR 28- (X- through Ka- ) band. The phase error. is
typically +4° with 1 S-percent frequency variation around
the center frequency. If the differential phase compensa-
tion effect of the dispersive behavior of the diel,ectrip—filled
and empty reference waveguide is utilized, the phase error
may be reduced to only +1° within + 8.5-percent frequency
variation. A 90° phase shifter composed of three 30° phase
shifters illustrates that the design examples given in the
tables may also be used to compose cumulated overall
phase shift. Although preferably designed for fixed phase
shift, lateral displacement of the tapered dielectric slabs
provides a mechanically variable phase shift over a large
range. An experimental phase shifter for a 90° midband
phase shift at a 14-GHz midband frequency shows good
agreement between theory and measurements.
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APPENDIX

Matrix Equation, which Results from Field Matching along the Five- Layer Structure of Fig. 2(b) using (1)—(3):

(G)-(Vn(n) D g V) V) ) v V(VI))T__:O
> n b n 3 n b n 2 n bl n b n

where (G) is given by

sin(k{P¢) —cos(k{D¢) —sin(kIPc¢) 0
0 cos(k{Dd) sin(k{0q) —cos(kVd)
0 0 0 cos(k&e)
0 0 0 0
(G)= cos (kWc)k @ sin (k ¢) {10 — cos (k Uc) & A 0
0 —sin(k@d)k TP cos(k{™Da )k &P sin(k&Vd )k IV
0 0 0 —sm(k(w)e)k(w)
! 0 0 0 0
0 0 0 0 T
~ sin(kVd) 0 0 0
sin(k{Me) cos(k Vie) —-sin(k e) 0
0 cos(k?¢ f ) sin( k f ) ~[sin(kYPf)—tan (k $Pa)cos (k01 )] (A1)
0 0 0
—cos(kMd)k IV 0 0 0
cos(k@e)k ™ sin(kVe)k ) —cos(k e)k 0
0 —sin(kVfH)kM cos(kxnf)k —[cos (k&Pf )+ tan (k YPa)sin (k OF)] LD

where T is the transposed vector.
Coupling Integrals in (7) and (8):

I(II) —

Inm

fcsin(kff,f,)x) sin ( —n—wx) dx
0 a

A

1nm

/ “cos (kDx ) sin

4

140 = [“sin (kW) sin( “ x )

—x|dx
; a
¢ . (n
Ifi‘,’,)=f cos (k{Wx ) sin %x)dx
d
€ . . (nw
I{L‘Q=Lsm(k$},’)x)sm(7x) dx
T = [/ VY sin [ 27
T = cos(kxmx)sm - dx
4
f . . (nm
I(V,L—f sm(kgn’x)sm(—a—x) dx

e

1= [sin (kG )sin{ x)

IVD =

2nm

fatan (k¥Da)cos (k{¥Dx) sin(ﬁazx) dx.
i

(A2)

Scattering Coefficients in (8):
(S11) = 2(Ng) " (My)
@) )+ (W) ()] - (W)
(S12) = 2(Ny) "' (My)
(M) )+ (W) ()] () TN
(Sn) =2[(Ne) (M) + (M) "' (My)]
(82) =2[(Np) (M) + (V) ~H(Mp)]
(Np) (M) -

where (U) is the unity matrix; the diagonal matrices (Ny),
(Ng), and matrices (My), (Mg) are given by (6) and (7).
The amplitude coefficients ¥,mD,... p IV a ...
W), in (6) and (7) are expressed by the amplitude coeffi-
cient ¥ using (Al). The quotient (V,®)/(V,{®), which
then still remains in (6) and (7), is suitably normalized so
[2] that the power carried by a given wave is 1 W for a
wave-amplitude coefficient 4,, B, of VI W :
(Y- ¥

[ Re [

(V,,(I))z-lRe ff (ED x HD*)d(Area(1))
2 Area(I)

(U) (A3)

(E®x H®*)d(Area(r))

rea(r)

1=

(A4)
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where r=11,- - -
the corresponding cross-section area of the empty section I,
and the five-layer structure II,- - -, VL.

Scattering Coefficients for Two Series-Connected Structures

with the Scattering Matrices (S)™” and (S)?:
(81 = (S1) O+ (8) V[ (V) - (8)P(5,)®]
(8,8,
(81)° = (S)°[(@) = (51)?(8) "] '(5,)?
(82)° = (S:)P[(V) = (82)(5)®] ' (5)®

(82)" = (5[ (0)~ (8)*(5)°]
(82)P($)7+(5,)® (A3)

where (U) is the unity matrix.
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